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\^ • We prove birational superrigidity of direct products V = 

' Fi X . . . X Fk of primitive Fano varieties of the following 

^ ^ two types: either Fi C P^^ is a general hypersurface of de- 

\ gree M, M > 6, or Fj is a general double space of 

r-j , index 1, M > 3. In particular, each structure of a rationally 

d • connected fiber space on V is given by a projection onto a di- 

rect factor. The proof is based on the connectedness principle 
of Shokurov and Kollar and the technique of hypertangent 

^ I divisors. 
I ' 

o 
o 

o : Introduction 
§ ! 0.1 Fano direct products 

A smooth projective variety F is a primitive Fano variety, if PicF = ZKp, the anticanonical 
^ ■ class (—Kf) is ample and dimF > 3. Typical examples of primitive Fano varieties are given 
• by smooth complete intersections of index 1 in the (v^eighted) projective spaces (in dimension 

4 there are no other examples). The most visual examples are Fano hypersurfaces C P'^, 
degXd = d, d > 4 and Fano double spaces a:X-^ P*^, branched over a smooth hypersurface 
W2d C P'^ of degree 2d. 

It is knovi^n (see, for instance, [1,13,14,22-26,28,29,31,33,34]), that typical primitive Fano 
varieties (in dimension > 4 probably all primitive Fano varieties) are hirationally rigid, in par- 
ticular, they cannot be fibered by a non-trivial rational map into rationally connected varieties 
(for the precise definition, see below). The aim of this paper is to describe birational geometry 
of direct products of the form 

V = F,x ...xFk, 
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K > 2, where Fj are primitive Fano varieties. We will prove that provided that the direct 
factors Fi satisfy certain conditions, all structures of rationally connected fibrations on V are 
given by the projections V ^ F^^ x . . . x Fj_^ onto direct factors. More precisely, the variety V 
itself is birationally rigid. 

Roughly speaking, the variety V can be reconstructed from its field of rational functions 
C(\^) (we work over the ground field of complex numbers C). The conditions that we have to 
impose on the direct factors Fj are very strong. In this paper, we show that sufficiently general 
(in the sense of Zariski topology) Fano hypersurfaces X^, C P*^, o? > 6, and Fano double covers 
of index 1 satisfy these conditions. 

0.2 Birational rigidity and superrigidity 

For a smooth projective variety X denote by A^X the group of classes of cycles of codimension 
i modulo rational equivalence. In particular, A^X = PicX is the Picard group. Set 

A\X C A^X ® M 

to be the closed cone of pseudoeffective classes, that is, the smallest closed cone containing the 
classes of all effective divisors. Assume that the variety X is rationally connected [9,16]. For 
an effective divisor D on X define its threshold of canonical adjunction by the formula 

c{D) = c{D,X) = sup{e e Q+\D + eKx e A^X}, (1) 

where Kx is the canonical class. For an arbitrary non-empty linear system E on X we write 
c(E) = c{D), where e E is an arbitrary divisor. For a movable linear system E we define its 
virtual threshold of canonical adjunction by the formula 

Cvirt(S)= inf {c(E,X)}, 
x-*x 

where the infimum is taken over all sequences of blow ups X ^ X with non-singular centres 
(or, equivalently, over all birational morphisms of smooth varieties X X) and E is the strict 
transform of the system T, on X. 

Definition 1. (i) The variety X is said to be birationally superrigid, if for any movable 
linear system E on X the equality 

c(E) = Cvirt(E) 

holds. 

(ii) The variety X is said to be birationally rigid, if for any movable linear system E there 
exists a birational self-map x ^ BirX such that 

Cvirt(S) = c(x;^E). 
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Here X*^"^ means the strict transform of the system E with respect to X- 

Remark 1. The virtual threshold of canonical adjunction is birationally invariant in the 
following sense: let 

X-Xi 

be a birational map, Ej moving linear system on Xi, i — 1,2, and moreover, Ei the strict 
transform of E2 with respect to x- Then 

Cvirt(Sl) = Cvirt(S2), 

although the actual thresholds c(Ei) and c(E2) should not be the same. 

Remark 2. Let %: X ^ S he a rationally connected fiber space, that is, for a general point 
z E S the fiber vr~^(z) is a rationally connected variety. Assume that the base S is non-trivial 
(that is, dim 5" > 1) and 

E = 7r*A 

is the pull back of a linear system A on S. It is easy to see that 

c(E) = 0, 

since Kx is negative on the fibers of tt. Therefore, 

Cvirt(S) = c(S) = 0. 

Thus if on a rationally connected variety X there is a structure of a rationally connected fiber 

space (that is, a non-trivial rational map (p: X S, the general fiber of which is rationally 

connected), then on X there is a movable linear system E, satisfying the equality Cvirt(E) = 0. 
In particular, if the variety X is birationally rigid and there is a non-trivial structure of a 
rationally connected fiber space on X, then there is a movable linear system E satisfying the 
equality c(E) = 0. For trivial reasons, on a primitive Fano variety F there is no such systems. 
Therefore, birationally rigid primitive Fano varieties do not admit non-trivial structures of a 
rationally connected fiber space. 

The first example of a birationally rigid (in fact, superrigid) primitive Fano variety was 
given by the theorem of V.A.Iskovskikh and Yu.I.Manin on the three-dimensional quartics [14]. 
The method of proving it {the method of maximal singularities) later accumulated a number 
of new ideas and was considerably improved. The word combination "birational rigidity" was 
introduced in the late 80ies, see Sec. 0.7 below. 

0.3 The main result 

Definition 2. We say that a primitive Fano variety F is divisorially canonical, or satisfies the 
condition (C) (respectively, is divisorially log canonical, or satisfies the condition (Lj), if for 
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any effective divisor D G | — nKpl, n > 1, the pair 

(F, 1d) (2) 

has canonical (respectively, log canonical) singularities. If the pair Q has canonical singularities 
for a general divisor D E H C \ — nKp\ of any movable linear system S, then we say that F 
satisfies the condition of movable canonicity, or the condition (M). 

Explicitly, the condition (C) is formulated in the following way: for any birational morphism 
(f: F ^ F and any exceptional divisor E G F the following inequality 

MD) < na{E) (3) 

holds. The inequality Q is opposite to the classical Noether-Fano inequality [14,25,26,34]. The 
condition (L) is weaker: the inequality 

MD) < n{a{E) + 1) (4) 

is required. In Q and (jH) the number a{E) is the discrepancy of the exceptional divisor E G F 
with respect to the model F. The inequality (jH) is opposite to the log Noether-Fano inequality. 
The condition (M) means that ^ holds for a general divisor D of any movable linear system 
S C I — nKp\ and any discrete valuation z/^. 

It is well known (essentially starting from the classical paper of V.A.Iskovskikh and Yu.I.Manin 
[14]) that the condition (M) ensures birational superrigidity. This condition is proved for many 
classes of primitive Fano varieties, see [14,22,23,28,31,34]. Note also that the condition (C) is 
stronger than both (L) and (M). 

Now let us formulate the main result of the present paper. 

Theorem 1. Assume that primitive Fano varieties Fi, . . . , Fx, K > 2, satisfy the conditions 
(L) and (M). Then their direct product 

V = FiX ...X Fk 

is birationally superrigid. 

Remark 3. For K = 1 the claim of the theorem is obviously true (the condition (M) 
suffices) . 

Corollary 1. (i) Every structure of a rationally connected fiber space on the variety V 
is given by a projection onto a direct factor. More precisely, let (3: be a rationally 

connected fiber space and X-'^ ~ ~ a birational map. Then there exists a subset of 

indices 

I = {i,,...,ik} C {1,...,K} 
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and a birational map 

a:Fi^l[Fi > 

iei 

such that the diagram 

V --^ y» 

Fi > 

K 

commutes, that is, po'X = ct^T^i, where nf. ]^ — ]^ Fj is the natural projection onto a direct 

i=l iei 

factor. In particular, the variety V admits no structures of a fibration into rationally connected 
varieties of dimension smaller than min{dimFi}. In particular, V admits no structures of a 
conic bundle or a fibration into rational surfaces. 

(ii) The groups of birational and biregular self-maps of the variety V coincide: 

Biry = Auty. 

In particular, the group Bir V is finite. 

(iii) The variety V is non-rational. 

Remark 4. The group of biregular automorphisms Aut V is easy to compute. Let us break 
the set Fi, . . . , Fk into subsets of pair- wise isomorphic varieties: 



I = {1,...,K} = \/ h, 



k=l 



where Fi = Fj if and only if {i,j} C Ik for some A; G {!,...,/}. It is easy to see that 

I 

AutV = Y[Aut{Y[Fi). 

j=i ieij 

In particular, if the varieties Fi, . . . , Fx are pair- wise non-isomorphic, we get 

K 

Auty = JjAutFj 

(and this group acts on V component- wise). In the opposite case, if 

I = ti2 — ■ ■ ■ — i'K = ■, 

we obtain the exact sequence 

1 ^ (AutF)^^ AvXV ^ Sk ^ 1, 
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where Sk is the symmetric group of permutations of K elements. In fact, in this case AutV 
contains a subgroup isomorphic to Sk which permutes direct factors of V, so that Aut y is a 
semi-direct product of the normal subgroup (AutF)^-'^ and the symmetric group Sk- 
It seems that the following generalization of Theorem 1 is true. 

Conjecture 1. Assume that Fi, . . . ,Fk are hirationally (super)rigid primitive Fano vari- 
eties. Then their direct product V — Fi x . . . x Fk is hirationally (super)rigid. 

0.4 Divisorially canonical varieties 

Let P = P^, M > 3, be the complex projective space. Set 

JF = P(//0(P, e)p(M))), W = P(//°(P, Op(2M))) 

be the spaces of hypersurfaces of degrees M and 2M, respectively. 

Theorem 2. (i) For M > 6 there exists a non-empty Zariski open subset J^^eg C such 
that any hypersurface F G J?>cg is non-singular and satisfies the condition (C ). 

(ii) There exists a non-empty Zariski open subset Wreg C W such that for any W e Wreg 
the Fano double space a: F ^ F, branched over the hypersurface W , satisfies the condition 
(C). 

The sets of regular hypersurfaces ^reg, VVreg are explicitly described in Sec. 2.1 and 2.2, and 
their non-emptiness is proved in Sec. 2.3. It seems that the following generalization of Theorem 
2 is true. 

Conjecture 2. A general element F e $ of any family of primitive Fano complete intersec- 
tions ^ in a weighted projective space satisfies the condition (C). In particular, this condition 
is satisfied for a general quartic F = F4 C P^ and a general quintic F — F^ C P^. 

0.5 The scheme of the proof and the structure of the paper 

Theorem 1 is proved by induction on the number of factors K. For K = 1, as we have mentioned 
above, the claim of the theorem holds in a trivial way. So assume that K >2. 

Assume the converse: there is a moving linear system E on V such that the inequality 

Cvirt(S) < c(E) 

holds. By the definition of the virtual threshold of canonical adjunction it means that there 
exists a sequence of blow ups ip:V —>■ V such that the inequality 

c(E) < c(E) (5) 

holds, where E is the strict transform of the linear system E on V. 
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To prove Theorem 1, we must show that the inequahty © is impossible, that is, to obtain 
a contradiction. 

Let Hi = —Kp. be the positive generator of the group PicFj. Set 

SO that = Fj X Si. Let po V ^ Fi and vrj: V ^ Sihe the projections onto the factors. Abusing 
our notations, we write Hi instead of PiHi, so that 

K 

Pic r = ZHi 

i=l 

and 

Kv = —Hi — ... — Hk- 

We get 

S C \niHi + . . . + UkHkI, 

whereas 

c(S) = min{ni, . . . , rix}- 

Without loss of generality we assume that c(S) = rii. By the inequality (jS)) we get rii > 1. Set 

n = ni, TT = Hi, F = Fi, S = Si. We get 

S C I -nKv + 7r*Y\, 

K 

where F = ^(rij — n)Hi is an effective class on the base S of the fiber space vr. 

i=2 

Now we need to modify the birational morphism ip. Here our arguments are similar to the 
proof of the Sarkisov theorem [38,39]. For an arbitrary sequence of blow ups ps'- S'^ ^ S we 
set = F X S~^ and obtain the following commutative diagram: 

V+ ^ V 

vr+ i i TT (6) 

s+ ^ s, 

where 7r+ is the projection and /i = (idpyPs)- Let Ei, . . . ,En C be all exceptional divisors 
of the morphism ip. 

Proposition 1. There exists a sequence of blow ups ps'- S such that in the notations 

of the diagram (0j the centre of each discrete valuation Ei, i = 1, . . . , N , covers either S'^ or 
a divisor on S^ : 

codim[7r_|_(centre(i?j, V"^))] < 1. 
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Let S"*" be the strict transform of the hnear system S on . Now the arguments break into 
two parts due to the following fact. 

Proposition 2. The following alternative holds: 

(i) either the inequality c(S+) < c(S) is true, 

(ii) or for a general divisor G S+ the pair 

n 

is not canonical, and moreover, for some i = 1, . . . , N the discrete valuation Ei determines a 
non-canonical singularity of this pair. 

Remark 5. The alternative of Proposition 2 should be understood in the "and/or" sense: 
at least one of the two possibilities (i), (ii) takes place (or both). 

Now the proof of Theorem 1 is completed in the following way. If the situation (i) takes 
place, then we show that the variety 5" is not birationally superrigid, which contradicts to the 
induction hypothesis, since S" is a direct product of -ft' — 1 Fano varieties. On the other hand, 
if the case (ii) holds, then by inversion of adjunction, which follows from the Shokurov-Kollar 
connectedness principle, we obtain a contradiction with the condition (L) for the fiber F. Now 
the proof of Theorem 1 is complete. 

The scheme of arguments described above is realized in full detail in Sec. 1. The subsequent 
structure of the paper is as follows. In Sec. 2 we prove Theorem 2. In Sec. 2.1 we describe the 
regularity conditions, defining the open set JFj.eg and prove divisorial canonicity of hypersurfaces 
C M > 6, Fm e J^reg- In Sec. 2.2 we describe the regularity conditions, defining 
the open set Wreg and prove divisorial canonicity of double spaces F P^^ branched over 
hypersurfaces W G Wreg. In Sec. 2.3 it is proved that the sets J^reg, Weg are non-empty (for 
^reg it is not quite obvious). For the hypersurfaces the proof is based on the technique of 
hypertangent divisors [28,31,34]. 

The scheme of our proof of Theorem 2 is as follows. Assume that the pair (F, ^D) is not 
canonical, where D E \ — nKpl, n > 1, F is a regular Fano hypersurface or a double space. It 
is easy to show that the centre of a non-canonical singularity is a point x G F. By inversion of 
adjunction one obtains 

Proposition 3. Let ip: F ^ F be the blow up of the point x, E C F the exceptional divisor. 
For some hyperplane B C E the inequality 

multa; D + muh b D > 2n (7) 

holds, where D G F is the strict transform of the divisor D. 

If F is a double space, then it is not hard to check that the inequality is impossible 
for an effective divisor D G | — nKpl. If F C is a Fano hypersurface, the contradiction is 
obtained by means of a (modified) technique of hypertangent divisors [28,31,34]. 
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Section 3 contains a proof of Proposition 3. There we also discuss briefly the connected- 
ness principle and inversion of adjunction in the form in which we need these facts. For a 
detailed exposition of these fundamental results, see the original work [15,40]. We include a 
brief explanation of these facts in this paper because of their importance. 

0.6 Remarks 

(i) Repeating the proof of Theorem 1 word for word, one can obtain a stronger fact, that is, 
the coincidence Cvirt(-D) = c{D) of the virtual and actual thresholds of canonical adjunction for 
an arbitrary irreducible divisor D on V. The irreducibility is essential. It is in this way that 
we argued in the first version of this paper [37]. However, in [37] instead of the termination 
of canonical adjunction in the sense of the formula ^ we used a formally stronger condition 
that for some £ G Q and a sequence of blow ups V ^ V the class D + eKy is negative on the 
curves from some family sweeping out V. This approach does not give birational superrigidity, 
but makes it possible to describe (exactly in the same way as in this paper) all structures of a 
rationally connected fiber space on V. In particular, it gives all the claims of Corollary 1. Proof 
of Theorem 2 is completely the same as in [37]. 

(ii) Let us emphasize some points where the present paper differs from the previous papers 
on this subject. It is natural to call the method we use here linear, in contrast to the quadratic 
method of the previous papers: we study singularities of a single divisor D, whereas in the 
above-mentioned papers the main step was to construct the self-intersection of a moving linear 
system E, that is, the effective cycle Z = {Di o D2) of codimension two, where Di E J2 are 
general divisors. 

Another point where the present paper differs from the previous ones is that here we for 
the first time study Fano fiber spaces with the base and the fiber of arbitrary dimension: in 
Sarkisov's papers [38,39] the fiber is one-dimensional, in [10-12,27,30,35,36,41,42] the base is 
one-dimensional, that is, P^. 

Finally, note that the starting point of the previous papers was a condition of "sufficient 
twistedness" of a Fano fiber space over the base (the Sarkisov condition for conic bundles, the 
i^'^-condition for Fano fiber spaces over P^), whereas direct products are not twisted over the 
base at all. 

(iii) The technique developed in this paper opens new ways of studying movable linear 
systems on Fano fiber spaces V/F^. U F = Ft, t E , the fiber over the point t, satisfies the 
condition (L), then the linear system 

S C I - nKv + IF\ 

with / G does not admit a maximal singularity E, the centre of which B = centre(i?, V) is 
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contained in the fiber F. This remark demonstrates the power of the linear method compared 
to the quadratic one. On the other hand, it is not easy to prove the condition (L). The method, 
developed in this paper for that purpose, requires stronger conditions of general position than 
those used for the quadratic method. 

Another difference of the linear method from the quadratic one is that it applies to the 
trivial fibrations V = F ^ where F is a primitive Fano variety. Further improvement of the 
ideas developed in this paper makes it possible to prove that if F satisfies the condition (C), 
then on V there is only one conic bundle structure, given by the projection V ^ F, whereas 
all other non-trivial structures of a rationally connected fiber space are Bir V^-equivalent to the 
fibration F x ^ (that is, to the projection onto the direct factor). The group Bir V up 
to the finite group AutF C Aut coincides with the group AutPj^^p,^ = PGL(2,C(F)) of the 
fractional-linear transformations over the field of rational functions C(F). The proof will be 
given elsewhere. 

0.7 Historical remarks and acknowledgements 

The phenomenon of birational rigidity was guessed by Fano [5-7], when he tried to study 
birational geometry of three-folds by analogy with surfaces. Fano used termination of canonical 
adjunction which already showed itself as a crucial point in the proof of the Noether theorem on 
the Cremona group BirP^ and in the theorems of Italian school (for instance, the Castelnuovo 
rationality criterion). A preimage of the concept of maximal singularity is also present in Fano's 
papers. However, Fano failed to obtain any more or less complete proofs. 

In the modern age of algebraic geometry the outlines of the theory of birational rigidity 
were drawn in the papers of Yu.I.Manin on surfaces over non-closed fields, see [18-20], where, 
in particular, it was proved (using earlier results of B.Segre) that del Pezzo surfaces of degree 
1 with the Picard group Z are birationally superrigid (in the modern terminology) and cubic 
surfaces with the Picard group Z are birationally rigid, and the groups of birational self-maps 
of these surfaces were computed. In the papers [19,20] an oriented graph was associated with 
a finite sequence of blow ups. Its combinatorial invariants are of extreme importance for the 
technique of counting multiplicities [26,28,32,34]. The construction of this graph appears in 
almost all papers on this subject. It is used in the present paper, too, when we study a non log 
canonical singularity (Sec. 3.3). 

The breakthrough into three-dimensional birational geometry was made in the paper of 
V.A.Iskovskikh and Yu.I.Manin [14], where they proved (in the modern terminology) that three- 
dimensional quartics in P'^ are birationally superrigid. Formally speaking, it is proved in [14] 
that a birational map of a smooth quartic onto another one is a biregular isomorphism, however 
the arguments of that paper do need any modification for proving birational superrigidity. In 
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[14] it is pointed out that the method of the paper (without any improvements) gives a similar 
result for smooth double spaces of index 1 and dimension three. A slightly more sophisticated 
technique ("untwisting" of maximal lines) gives birational rigidity of smooth double quadrics of 
index 1 and dimension three (however, they are not superrigid, the group of birational self-maps 
is fairly big). Detailed proofs for these two classes of Fano three-folds were published in [13]. 

The next step was made by Sarkisov in [38,39]. Using the results of Iskovskikh on the 
surfaces with a pencil of rational curves, Sarkisov proved that the structure of a conic bundle 
is unique if the discriminant divisor is sufficiently big ("the Sarkisov condition"). Again, in fact 
it was birational rigidity that he proved, but the very concept did not exist yet. 

The first attempt to extend the three-dimensional technique of Iskovskikh and Manin in- 
to arbitrary dimension was made by the author of this paper in [22,23]. In the same years, 
birational geometry of a three-dimensional quartic with a non-degenerate double point was 
described [24]. However, the proofs were turning more and more complicated and difficult to 
understand. The methods needed to be improved. Besides, by mid-80ies it was already clear, 
that for all those varieties that were successfully studied (quartics, quintics, double spaces and 
double quadrics, conic bundles) one and the same property was proved. However, that property 
was not explicitly formulated. The question was, what sort of property it was? 

Trying to give an answer to this question, the author of the present paper introduced the 
concepts "birational rigidity" and "birational superrigidity". The first, rather awkward, defini- 
tions of these concepts were given in the author's talk at a conference at Warwick university in 
1991 and published in [25]. These definitions were subsequently modified several times; quite 
probably, the current version (Definition 1 above) is not final, either. In the end of 90ies Corti 
and Reid introduced another version of these concepts, based on the geometric properties of 
birationally (super)rigid varieties [1-3]. 

During the last decade, the techniques of proving birational (super) rigidity have been rad- 
ically improved. First of all, the method of hypertangent divisors made it possible to work 
with Fano varieties of arbitrarily high degree [28,29,31,34]. Furthermore, in [1] Corti suggested 
to use inversion of adjunction, which is based on the Shokurov-Kollar connectedness princi- 
ple (which, in its turn, is based on the Kawamata-Viehweg vanishing theorem), for studying 
self-intersection of movable linear systems, as an alternative to the technique of counting mul- 
tiplicities (developed in [26] on the basis of the test class method [14]). Thus in [1] inversion of 
adjunction was first used in the theory of birational rigidity. This approach turned out to be 
quite effective for certain types of maximal singularities of linear systems. Finally, the simple 
idea of breaking the self-intersection of a linear system into the horizontal and vertical parts 
[27] opened the way to a systematic study of Fano fiber spaces over [10-12,30,35,36,41,42]. 

As a result, the method of studying birational geometry of rationally connected varieties 
via investigating singularities of the corresponding movable linear systems, which we for the 
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traditional reasons call the method of maximal singularities, nowadays works for a large class 
of higher-dimensional Fano varieties and Fano fiber spaces and hopefully will make the basis 
of birational classification of higher-dimensional rationally connected varieties. 

The main result of this paper was obtained by the author in October 2003 during a research 
stay at Max-Planck-Institut fiir Mathematik in Bonn. The first version of the paper, [37], was 
completed in April 2004 in Liverpool. The author is very grateful to the Max-Planck-Institut 
for the excellent conditions of work and hospitality. 

1 Birationally rigid direct products 

In this section we prove Theorem 1. 
1.1 Resolution of singularities 

Let us prove Proposition 1. Let E C V he the exceptional divisor of the birational morphism 
ip: V ^ V , B = f{E) the centre of the discrete valuation E on V. Assume that 

codim5 7r(i?) > 2. 

Construct a sequence of commutative diagrams 

Tlj i i TTj-l (8) 

where j = 1, . . . , /, satisfying the following conditions: 

(1) Vo = V, So = S, VTo = vr; 

(2) Vj = E X Sj, TTj is the projection onto the factor Sj, Sj = {idp, \j) for all j > 1; 

(3) \j is the blow up of the irreducible subvariety 

Bj^i = 7rj_i(centre(i?, V^_i)) C Sj-i, 

where codimi?j_i > 2. 

It is obvious that the properties (l)-(3) determine the sequence 
Lemma 1. The following inequality holds: I < a{E, V). 

Proof. Let Aj C Vj be the exceptional divisor of the morphism Sj. By construction we get 

centre(i?, Vj) C Aj, 

so that 
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Now we obtain 

a{E, V) = a{E, Vi) M^M^j, ^) > ^■ 

i=i 

Q.E.D. for the lemma. 

Therefore the sequence of diagrams ^ is finite: we may assume that centre(i?, Vi) covers a 
divisor on the base Si. 

From this fact (by the Hironaka theorem on the resolution of singularities) Proposition 1 
follows immediately. 

Proof of Proposition 2. We use the notations of Sec. 0.5. Consider the diagram 
Let 

r: l/« ^ V+ 

be the resolution of singularities of the composite map 

v+JUv C V. 

Set ip = ip~^ o fi o t:V^ V . There exist an open set U dV'^ and a closed set of codimension 
two Y C V such that 

is an isomorphism. Obviously, if E <Z V'^ is an exceptional divisor of the morphism r and 
EnU y^d}, then 

EnU = ^u\E,) 

for some exceptional divisor Ei of the morphism (p. 

Let S"*" and S" be the strict transforms of the linear system S on and V"^, respectively, 
S[/ = T,^u. If G is a general divisor, then 

D = MdIj) e s 

is a general divisor of the linear system S (we make no difference between S and its restriction 
onto V \ Y, since the set Y is of codimension two). We know that 

see Therefore, 

Dl + nKu^AlU. (9) 

Let S be the set of exceptional divisors of the morphism r with a non-empty intersection with 
U. By © we get 

r*(Z}+ + nK+)\u - J^iMD^) " na+{E))Eu ^ A^U, 
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where is the canonical class oiV'^, ^^{E) — a{E,V^). Consequently, either 

D+ + nK+ ^ AlV+, 

and we are in the case (i) of Proposition 2, or there exists an exceptional divisor E & £, 
satisfying the Noether-Fano inequality 

UE{D+)>n-a+{E), 

that is, the discrete valuation E realizes a non-canonical singularity of the pair {V~^, ^D~^). In 
the latter case we get part (ii) of the alternative of Proposition 2, since E E £ and thus E — E^ 
for some i = 1, . . . , (as discrete valuations). Q.E.D. for Proposition 2. 

1.2 Reduction to the base 

Assume that the case (i) of the alternative of Proposition 2 takes place, that is, + nK"^ ^ 
A\V^ . Let 2; e F be a point of general position. Set 

S+ = {z} X 5+, S, = {z} X S. 

It is clear that — K'^\g+ and — Kv\s^ are the canonical classes Kg — Ks+ and Kg, 
respectively. Let 

E, = E|5. and E+ = 

be the restriction of the linear systems E, E+ onto Sz and S^. Take general divisors G E^ 
and e E+. We get a movable linear system E^ on the variety 5" = F2 x . . . x Fx- Moreover, 

E^ C \n2H2 + . . . + ukHk], 

so that c(E^) = min{n2, . . . jUk} > n = c(S). 
Lemma 2. The following estimate holds: 

D+ + nK+ = + nK+) 

Proof. Set £s to be the set of exceptional divisors of the morphism fis- The exceptional 
divisors of the morphism fi are F x E = tt^E for E e Ss- We get 

and 

EeSs 
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where Qe — ci{E) is the discrepancy of the divisor E. For some numbers 6^ > we get 

D+ ^i^*D-J2 bE^E, 
EeSs 

whereas for a point 2; e F of general position 

Ee£s 

Now taking into account that D + nKy = 7t*Y and Dz + nKz = Dz + nKs = Y, we obtain the 
claim of the lemma. 

Corollary 2. D+ + nKf i A\S+ 

Proof. Indeed, it is clear that 

t:XA\S+ C A\V+. 

Q.E.D. for the corollary. 

Thus for the strict transform of the linear system Y^z on S'^ we get the inequality 

c(S+) < c(E,). 

The more so, c^ir^^ij^z) < c(llz)- Therefore the variety 5" is not birationally superrigid. This 
contradicts the induction hypothesis. 



1.3 Reduction to the fiber 

By Proposition 2 and Sec. 1.2 for a general divisor e the pair {V^ , n"^^) '^^ canonical, 
that is, there exists a birational morphism — > V'^ and an exceptional divisor E <Z V'^, 
satisfying the Noether-Fano inequality z/s(S+) > n ■ a^, where = a{E,V^). Moreover, we 
can assume that the centre B — centre(i?, V) of the valuation E covers a divisor on the base 
or the whole base: codim5+ T" < 1, where T — Tr+{B). 

Let t E T he a point of general position. The fiber Ft — n^^{t) cannot lie entirely in the 
base set BsE+ of the moving linear system E+, since 

codimy+ 7r^^(T) < 1. 

Therefore, E^ = ^^If* is a non-empty linear system on F, C \nH\ — \ — nKp] (if T C is 
a divisor, then E^ can have fixed components) . Let Df e E^*" be a general divisor. By inversion 
of adjunction, see [15] and Sec. 3.2 below, the pair 

{F, -Dt) 

n 

is not log canonical. We get a contradiction with the condition (L). This contradiction completes 
the proof of Theorem 1. 



15 



1.4 The structures of a rationally connected fiber space 

Let us prove the claim (i) of Corollary 1. Let {3: — > S"" be a rationally connected fiber space, 
X'V — — — > a birational map. Take a very ample linear system on the base S'^ and let 

be a movable linear system on V'^. As we have mentioned above (Remark 2), c(E^) = 0. Let E 
be the strict transform of the system E" on V. By our remark, 

Cvirt(^) — 0) 

SO that by Theorem 1 we conclude that c(E) = 0. Therefore, in the presentation 

E C I — riiHi — ... — ukHk] 

we can find a coefficient Ug — 0. We may assume that e — 1. Setting 5" = F2 x . . . x Fx and 
tt: y — > 5" to be the projection, we get 

E C |7r*r| 

for a non-negative class Y on S. But this means that the birational map x of the fiber space 
V/S onto the fiber space S'^ is fiber- wise: there exists a rational dominant map 

r-s 

making the diagram 

V --^ y« 

i i (3 

S --^ 

commutative. For a point z & S'^ of general position let F| = P~^{z) be the corresponding fiber, 
C V its strict transform with respect to x- By assumption, the variety F^ is rationally 
connected. On the other hand, 

F^ = 7T-\j-\z)) = Fxj-\z), 

where F = Fi is the fiber of tt. Therefore, the fiber "y~^{z) is also rationally connected. 

Thus we have reduced the problem of description of rationally connected structures on V 
to the same problem for S. Now the claim (i) of Corollary 1 is easy to obtain by induction on 
the number of direct factors K. For ii' = 1 it is obvious that there are no non-trivial rationally 
connected structures (Remark 2). The second part of the claim (i) (about the structures of conic 
bundles and fibrations into rational surfaces) is obvious since dimFj > 3 for all i = 1, . . . , iC. 
Non-rationality of V is now obvious. 
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1.5 Birational self-maps 

Let us prove the claim (ii) of Corollary 1. Set 71C{V) to be the set of all structures of a rationally 
connected fiber space on V with a non-trivial base. By the part (i) we have 

nc{v) = {m: y ^ = J] I ^ / C {1, . . . , K}}. 

The set 71C{V) has a natural structure of an ordered set: a < /? if /? factors through a. 
Obviously, 

TT/ < TTj if and only if J d I. 

For I — {1 . . . , K} \ {e} set ttj — iTe, Fj — Se- It is obvious that tti . . . , ttk are the minimal 
elements oiTZCiV). 

Let X £ Bir y be a birational self-map. The map 

X*:T^{V)-^'JZC{V), 

X*--a\ — > aox, 

is a bijection preserving the relation <. From here it is easy to conclude that x* is of the form 

where a e Sk is a permutation of K elements and for / = {H,---,ik} we define = 
{a{ii), . . . , a{ik)}. Furthermore, for each 7 C {1, . . . , K} we get the diagram 

X 

V > V 

XI 

Fj — > Fja, 

where xi is a birational map. In particular, x induces birational isomorphisms 

Xe- Fg > F'CT(e) ) 

e = 1, . . . ,K. However, all the varieties Fg are birationally superrigid, so that all the maps Xe 
are biregular isomorphisms. Thus 

X^{Xi,---,Xk) e BirT/ 
is a biregular isomorphism, too: x £ Autl^. Q.E.D. for Corollary 1. 



2 Divisorially canonical varieties 

In this section we prove Theorem 2. 
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2.1 Fano hypersurfaces 

Let F = Fm C P = be a smooth Fano hypersurface. For a point a; G F fix a system of 
affine coordinates Zi, . . . ,zm with the origin at x and let 

/ = gi + ?2 + ■ ■ ■ + ?M 

be the equation of the hypersurface F, qi = qi{z^) are homogeneous polynomials of degree 
deggj = i. In order to prove that this variety is divisorially canonical, we need stronger regu- 
larity conditions (that is, the conditions of general position) for / than those that were used 
for proving birational rigidity in [28]. Set 

fi^qi + ... + qi 

to be the truncated equation, i = 1, . . . , M. 
(Rl.l) The sequence 

qi, ^2, • • • , Qm-i 
is regular in Ox,-p, that is, the system of equations 

qi = q2 = ■ ■■ = Qm-i = 

defines a one-dimensional subset, a finite set of lines in P, passing through the point x. This is 
the standard regularity condition, which was used in the previous papers (see [28]). 
{R1.2) The linear span of any irreducible component of the closed algebraic set 

= ^2 = ^3 = 

in is the hyperplane = (that is, the tangent hyperplane T^F). 
(it!1.3) The closed algebraic set 

{/i = /2 = 0} n F = {gi = 52 = 0} n F c P (10) 

(the bar ~ means the closure in P) is irreducible and any section of this set by a hyperplane 
P 3 X IS 

• either also irreducible and reduced, 

• or breaks into two irreducible components Bi + B2, where Bi ~ F n Si is the section of 
F by a plane S", C P of codimension 3, and moreover mult^; Bi = 3, 

• or is non-reduced and is of the form 2B, where B — F f] S is the section of F by a plane 
S of codimension 3, and moreover multj; B — 3. 
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Set JFreg C to be the set of Fano hypersurfaces, satisfying the conditions {Rl.l — R1.3) 
at every point (in particular, every hypersurface F G J-'j-cg is smooth). It is clear that J-'reg is a 
Zariski open subset of the projective space JF. 

Proposition 4. For M > 6 the set J^^cg is non-empty. 

Proof is given below in Sec. 2.3. For M > 8 in the condition (-R1.3) we may require that 
the section of the set (fTn|l by any hyperplane P 3 x were irreducible and reduced, a general 
hypersurface satisfies this stronger condition. On the other hand, for M = 4, 5 it is easy to 
show that for any hypersurface F G there is a point where the conditions (-R1.2) and (-R1.3) 
are not satisfied. 

Let us prove the claim (i) of Theorem 2, that is, that the condition (C) is satisfied for a 
regular Fano hypersurface F G T^eg- 

Let A G \nH\ be an effective divisor, n > 1, where H G PicF is the class of a hyperplane 
section, Kp = —H. We have to show that the pair (F, ^A) has canonical singularities. 

Assume the converse. Then for a certain sequence of blow ups (p: F^ F and an exceptional 
divisor C the Noether-Fano inequality 



is satisfied. For a fixed E^ the inequality (fTT|l is linear in A, so that without loss of generality 
we may assume that A C F is a prime divisor, that is, an irreducible subvariety of codimension 
1. From (fTTll it follows easily that the centre Y = ^p{E^) of the valuation E^ on F satisfies 
the inequality 

multy A > n. 

On the other hand, it is well known [25,28], that for any irreducible curve C <Z F the inequality 



holds. Thus F = a; is a point. Let e: F — > F be its blow up, E C F the exceptional divisor 
E = P^^~^. By Proposition 3, for some hyperplane B (Z E the inequality 



holds, where A C F is the strict transform of the divisor A. 

Let T = Ta-F C P be the tangent hyperplane at the point x. The divisor E can be naturally 
identified with the projectivization 



ve+{^) >n-a{E+) 



(11) 



multc A < n 



mult^,. A + mult b A > 2n, 



(12) 



P(T,.T) = P(F,F). 



There is a unique hyperplane B C T, x G B, such that 



B = P(F,B) 
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with respect to the above-mentioned identification. Let Ab be the pencil of hyperplanes in P, 
containing B, and = Ab|f C \H\ its restriction onto F. Consider a general divisor R G A^. 
It is a hypersurface of degree M in P*^-i^ smooth at the point x. Let i? C F be the strict 
transform of the divisor R. Obviously, 

RnE = B. 

Set An = A\fi = A n R. It is an effective divisor on the hypersurface R. 
Lemma 3. The following estimate holds: 

mu\tr,An>2n. (13) 

Proof. We have 

(A o ^) = + Z, 

where Z is an effective divisor on E. According to the elementary rules of the intersection 
theory [8], 

mult^ A/j = mult A + deg Z, 

since mult^ i? = 1. However, Z contains B with multiplicity at least mult^ A. Therefore, the 
inequality (fT2|l implies the estimate (fT3|) . Q.E.D. for the lemma. 
Lemma 4. The divisor 

Tn = T,RnR 

on the hypersurface R is irreducible and has multiplicity exactly 2 at the point x. 

Proof. The irreducibility is obvious (for instance, for M > 6 one can apply the Lefschetz 
theorem). By the condition (-R1.2) the quadric 

does not contain a hyperplane in as a component, in particular, it does not contain the 
hyperplane B C E. Thus the quadratic component of the equation of the divisor Tr, that is, 
the polynomial 

q2\B, 

is non-zero. Q.E.D. for the lemma. 

Let us continue our proof of Theorem 2. By Lemmas 3 and 4 we can write 

Ar = oTr + Afj, 

where a G Z+ and the effective divisor A^ G \n^Hii\ on the hypersurface R satisfies the estimate 

mult^ A{j > 2nK 
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Moreover, does not contain the divisor Tr as a component. Without loss of generality we 
can assume the divisor to be irreducible and reduced. 
Now consider the second hypertangent system [28,29,34] 

= |so/2 + sifWn, 

where Si are homogeneous polynomials of degree i in the linear coordinates z*. Its base set 

Sr = {qiIr = q2\R = 0} 

is by condition (i?1.3) of codimension 2 in i? and either irreducible and of multiplicity 6 at the 
point X, or breaks into two plane sections of R, each of multiplicity 3 at the point x. In any 
case, for a general divisor D G we get A^j ^ Supp D, so that the following effective cycle of 
codimension two on R, 

Az, = (DoA«j), 

is well defined. Since multr^D = 3 and A^ C |2ifij|, the cycle A^, satisfies the estimate 

multi: ^3 , , 

deg M 

We can replace the cycle A^^ by its suitable irreducible component and thus assume it to be an 
irreducible subvariety of codimension 2 in R. Comparing the estimate (fTljl with the description 
of the set Sr given above, we see that 

Ad <t Sr. 

This implies that A^ (/i Tr. Indeed, if this were not true, we would have got 

/lUo = giUz, = 0. (15) 

However, A/) C -D, so that for some Sq 7^ 0, Si 7^ (the divisor D is chosen to be general) we 
have 

(so/2 + si/i)|ab = 0. 

By (fT5|l this implies that 

/2IAC = (gi + g2)|Ac = 

(since sq 7^ is just a constant), so that 

Ad C Sr. 

A contradiction. 
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Thus Ad <^ Tr. Therefore the effective cycle 



A+ = (A^oT^) 

is well defined. It satisfies the estimate 

deg M ^ ' 

The effective cycle A+ as a cycle on F is of codimension 4. Now recall the following fact [28]: if 
the Fano hypersurface F at the point x satisfies the regularity condition then for any 

effective cycle Y of pure codimension I < M — 2 the inequality 

mult^^ ^ I + 2 
deg ~ M 

holds. Therefore, the inequality (fTH| for an effective cycle of codimension 4 is impossible. 
The proof of the claim (i) of Theorem 2 is complete. 



2.2 Fano double spaces 

Let F P = F'^^ be a Fano double space branched over a smooth hypersurface W = W2M C P 
of degree 2M, M > 3. For a point x E W fix a system of affine coordinates zi, . . . ,zm on P 
with the origin at x and set 

w = qi + q2 + ■■■ + q2M 

to be the equation of the hypersurface W, qi = qi{z^) are homogeneous polynomials of degree 
degg, = i. The regularity condition is formulated below in terms of the polynomials qi. One 
should consider the three cases M > 5, M = 4 and M = 3 separately. For convenience of 
notations assume that qi = Zi. Set also 

qi = qi{z2, ...,zm) = qi\{zi=o} = gi(0, ^2, • • -^zm)- 

Now let us formulate the regularity condition at the point x. 

(i?2) Let M > 5. We require that the rank of the quadratic form q2 is at least 2. 

Assume that M = 3 or 4. We require that the quadratic form q2 is non-zero and moreover 

(i) either rkg2 > 2 (as above), 

(ii) or rkg2 = 1 and the following additional condition is satisfied. Without loss of generality 
we assume in this case that 

q2 = zj. 

Now for M = 4 we require that the following cubic polynomial in the variable t, 

5-3(0, l,t) = g3(0,0,l,t) 
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has three distinct roots. 

For M — 3 we require that at least one of the following two polynomials in the variable Z3, 

53(0,2:3) or 54(0,2:3) 

(they are of the form az'^, a e C, m = 3, 4) is non-zero. 

Set Wreg C W to be the set of Fano double spaces, satisfying the condition (i?2) at every 
point of the branch divisor. It is obvious that Wreg is a Zariski open subset. 

Proposition 5. The set Wreg is non-empty. 

Proof is given below in Sec. 2.3. 

Now let us prove the claim (ii) of Theorem 2, that is, that a regular Fano double cover F 
satisfies the condition (C). 

Assume the converse: there is an irreducible divisor D G \nH\, H = —Kp = cr*H]p, where 
Hp is the class of a hyperplane in P, such that the pair (F, ^D) is not canonical. Recall the 
following fact [26, Proposition 4.3]: for any irreducble curve C <Z F the inequality 

multc D <n 

holds. (Formally speaking, this inequality was proved in [26] for a movable divisor D e A C 
\nH\, where A is a linear system without fixed components, however the movability was never 
used in the proof.) Now arguing as in Sec. 2.1 above, we conclude that the centre of a non- 
canonical singularity of the pair (F, ^D) is a point x & F. Again we have the inequality 

multj; D + mults D > 2n 

for some hyperplane B <Z E in the exceptional divisor E <Z F of the blow up F ^ F of the 
point X. 

Case 1. The point z — a{x) ^ W.ln this case let P C P be the hyperplane such that P 3 z 

and 

FpHE = B, 

where Fp = a~^{P). Such hyperplane is unique. The divisor Fp is obviously irreducible and 
satisfies the equality 

multj; Fp -|- multfi Fp — 2. 
Since Fp e \H\, this implies that Fp ^ D. Therefore, 

Z = {Fpo D) 

is a well defined effective cycle of codimension two on F. We get 

deg Z — 2n, mult-^ Z > multj, D + mult^ D > 2n, 
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which is impossible. Thus the case z ^ W does not reahze. 
Case 2. The point z = a{x) G W. In this case let 

P = T,W C P 

be the tangent hyperplane. Set again Fp = (t^^(P). 

We get Fp G \H\, multa; Fp > 2. The divisor Fp is irreducible, so that if Fp ^ D, then for 
the cycle Z = {Fp o D) we get again 

deg Z = 2n, mult^ Z >2 mult^ D > 2n, (17) 

since multxD > mults-D. Since there is no cycle Z, satisfying the condition (|T7|) . we conclude 
that 

Fp = D. 

Up to this moment we have never used the arguments of general position. 
Lemma 5. The pair {F, Fp) is canonical at the point x. 

Proof is given below in Sec. 2.3. This contradiction completes the proof of Theorem 2. 
2.3 The regularity conditions 

Let us prove Proposition 4. We have to show that the closed set 

of Fano hypersurfaces, non-regular at at least one point, is of positive codimension in JF. Let 
be the set of hypersurfaces passing through a point a; G P, J-'reg{x) C J-'{x) the set of 
hypersurfaces, regular at the point x. It suffices to show that 

C0dim^(,) [J^{x) \ Tregix)] > M, (18) 

since J-'{x) is a divisor in JF. For the first condition (i?l.l) it has already been proved in [28], so 
that we may assume that all hypersurfaces under consideration satisfy {Rl.l). Fix a point x G P 
and show that violation of the condition (R1.2) or (_R1.3) imposes at least M conditions on the 
hypersurface F 3 x (that is, on the polynomial /). As we shall see, the actual codimension of 
the set of non-regular hypersurfaces is much higher, and moreover, the estimate is sharper as 
M gets higher. Let 

(^■.F ^ F 

be the blow up of the point x, E C F the exceptional divisor, E = P^^^^. We consider Z2, ■ ■ ■ ,zm 
as homogeneous coordinates on E, assuming that qi = zi. Set 

di = Qils = (li\{zi=o}- 



24 



Now the condition (-R1.2) reads as follows: the linear span of any irreducible component of the 
set {g2 = 93 = 0} C E is E. 

It is easier to check the inequality (fH^ as M gets higher. We consider in full detail the 
hardest case M = 6. Here = P^. It is easy to see that reducibility of the quadric 

Q = {g, = 0}cE 

imposes on the polynomial (72 (and thus on ^2) 6 independent conditions. Thus for a general 
hypersurface the quadric Q is irreducible at every point x E F. Therefore, we get the following 
possibilities for Q: 

• the quadric Q is smooth (this is true for a point x E F of general position), 

• the quadric Q is a cone over a smooth quadric in (this is the case for the points lying 
on a divisor Zi C F), 

• the quadric Q is a cone with the vertex over a smooth conic in P^ (this happens for 
the points x E Z2, where ^2 C F is a closed set of codimension 3). 

Let us consider each of these three cases separately. 
Assume that the quadric Q is smooth. We have 

PicQ = ZHQ, 

where Hq is the hyperplane section. The condition {R1.2) is violated only in the case when the 
divisor 

{93\q = 0} c g 

breaks into two components, one of which is a hyperplane section. It is easy to check that this 
imposes on the polynomial 5^3 (and thus on q^) 12 independent conditions, so that for a general 
hypersurface F the condition (i?1.2) is not violated when the quadric Q is smooth. 

Note that for an arbitrary M > 6 in the case of smooth quadric Q violation of the condition 
{R1.2) imposes 

-(M3-3M2-10M + 24) 
6 

independent conditions on the polynomial q^, so that the extra codimension of the set of non- 
regular hypersurfaces increases when M grows higher. 

Now assume that the quadric Q is a cone with the vertex at a point p E E or a line L C E 
and some component of the divisor {gslg = 0} is contained in a hyperplane P C E. Consider 
the intersection P HQ. If this intersection is an irreducible quadric, then we argue as above in 
the smooth case. If P fl Q is reducible, then 

PnQ = Si + S2 



25 



for some planes Si C Q. Vanishing of the polynomial gs on a plane S C Q imposes 10 — 1 = 9 
independent conditions on gs and 53, since the quadric Q contains a one-dimensional family of 
planes. 

If M > 7, then the arguments are similar and the estimates stronger, see the example above. 
Thus we have proved that the condition (it!1.2) holds at every point of a general hypersurface 
F C P for M > 6. 

Let us consider the condition {R1.3). Let 

T = {gi = 0} C P 

be the projective tangent hyperplane to the hypersurface F at the point x, T = p^-i and 

(9 = {g2|T = 0} CT 

a quadratic cone with the vertex at the point x. To check the condition (i?1.3) we must inspect 
a number of cases. The arguments are of the same type, for this reason we consider just a few 
main examples. Let us explain the scheme of arguments. 

Fix the quadric Q and a hyperplane P 3 x, P (Z T. Set Qp — Q H P. We look at the 
intersection 

QpnF 

as a divisor on the quadric Qp. Obviously, the quadric Qp fi F is given by the equation 

(?3 + --- + ?m)|qp = 0, 

where the homogeneous polynomials qs, ■ ■ ■ ,qM «^r6 arbitrary. Now to prove the proposition, it is 
necessary to estimate, how many conditions on the polynomials q^. . . . , qM imposes a violation 
of {R1.3) for each type of the quadric Qp. Again we restrict ourselves by the hardest case 
M = 6. 

Assume at first that Q is a cone over a non-singular three-dimensional quadric. In this case 
Q is a factorial variety. Let P 9 a; be an arbitrary hyperplane. For the quadric Qp = Q H P 
the two cases are possible: 

(1) Qp is a cone with the vertex x over a non-singular quadric 5" C P^; 

(2) is a cone with the vertex at a line L 3 x over a non-singular conic C C P^. This 
possibility realizes if and only if the hyperplane P is tangent to Q along the line L. 

In its turn, the case (1) breaks into two subcases. 

(lA) The set QpHF is reducible and at least one of its components, say A, does not contain 
the point x. For the divisor A C Qp we get 

A ~ aHp, 
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where Hp is the hyperplane section of the quadric Qp and 1 < a < 4. (A little bit later we 
explain why a < 4: formally a < 5.) Thus 

QpHF = A + B, 

where S ~ (6 — a) Hp. The affine equation of the hypersurface F n P (Z P takes the form 

qt + ... + qt^O, 

where = qi\p: that is why a < 4. The equation = defines the quadric Qp. The set 
of sections of the quadric Qp by hypersurfaces F of this form is of dimension 125 whereas for 

Now an easy calculation shows that with the hyperplane P C T fixed violation of the condition 
(it!1.3) imposes on the set of polynomials {q^, . . . , qg) at least 35 independent conditions. Since 
P 3 X varies in a 4-dimensional family, we obtain finally that violation of the condition (it!1.3) 
of the type (lA) at the point x & F imposes on / at least 31 conditions. Recall that we need 
just 6 conditions. Thus for a general hypersurface F the subcase (lA) is impossible. 

(IB) Here the set Qp H F is reducible and each of its components contains the point x. In 
this case the following sets are reducible (or everywhere non-reduced): the projectivized tangent 
cone 

C^FT^iQpHF) 

and the intersection 

Coo = Qp n F n //^ 

with the hyperplane at infinity H^o ^ x. Since Qp is a cone over the smooth quadric S = 
Qp n Hoo, both curves C and Coo can be looked at as curves on the quadric 5" = P"*^ x P^. The 
curve C is given by the polynomial qs, the curve Coo by the polynomial q^. Reducibility of the 
curve C (which is of bidegree (3,3)) imposes A; > 3 independent conditions on the polynomial 
q^, and moreover, the value k — 3 corresponds to the case of general position when C = R+C'^, 
where R (Z S is a line and C"*" an irreducible curve of degree 5. Reducibility of the curve Coo 
(which is of bidegree (6,6)) imposes /coo > 6 independent conditions on the polynomial qe, and 
moreover, the value — 6 corresponds to the case of general position when Coo — Roo + C^, 
where R^c C 5" is a line and C^ is an irreducible curve of degree 11. However, by the condition 
(i?l.l) the hypersurface F (and thus Qp fl F) cannot contain a plane. Therefore a violation of 
the condition {R1.3) imposes on the polynomial / 

A; + A;oo>3 + 6 + l = 10 
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independent conditions. (Taking into account the polynomials 54 and gs gives a considerably 
higher codimension, but we do not need that.) Since the hyperplane P varies in a 4-dimensional 
family (a; G P C T), we get finally at least 6 independent conditions on the polynomial /. 
Therefore, on a general hypersurface F a violation of the condition (R1.3) of the type (1) is 
impossible. 

Let us consider the case (2). Here the hyperplane P C T varies in a 3-dimensional family. 
Assume that Qp H F is reducible. If F ^ L, where L = is the vertex of the cone Qp, then 
the arguments completely similar to the case (lA) above give the required estimate (fH^ . 

The condition F D L means that 

qi\L = 0, i = 3,4,5,6. 

which gives 4 additional independent conditions on /. Furthermore, it is easy to check that the 
case 

multiQp n F > 2 

on a general hypersurface F is impossible. Let Si, S2 C Qp, Si D L he a pair of general planes 
on Qp. The restriction Fl^. is a plane curve of degree 6 with the line L as a component of 
multiplicity 1. Reducibility of the residual curves of degree 5 imposes on / at least 6 independent 
conditions. As a result, we get at least 7 = 6 + 4 — 3 independent conditions on / at the point 
X. Recall that Qp fl F cannot contain planes by the condition (Rl.l). 

The case when Q is a cone over a non-singular three-dimensional quadric is completed. 

The other cases are inspected in a similar way. We do not give these arguments because 
they are of the same type and quite elementary. Let us consider in detail just one more case 
which is opposite to the case (1) above. It occurs for M = 6 only. 

Let Q be a cone with the vertex at a plane S' = over a conic C C P^. Moreover assume 
that the hyperplane P contains S, so that 

Qp = Ui + U2 C P or Qp = 2U 

is a pair of 3-planes or a double 3-plane. The set of points x G F where this situation is possible 
is two-dimensional. The hyperplane P varies in a two-dimensional family: S C P C T. The 
hypersurface F cannot contain planes because of the condition (Rl.l). 
If Ui ^ U2, then Hi n n2 = ^ and 

FnQp = FnUi + Fr\U2. 

Reducibility of the surface F fl Ilj imposes on F at least 25 conditions so that we may assume 
that both surfaces F fl Ilj are irreducible. Obviously, 

multa; F n Hi > 3. 



28 



However, by the condition {R1.2) we have 



multo; FnQp = multa; F n Hi + mult^ F n = 6. 

Therefore the condition {R1.3) holds in this case, too. 
If Hi = 112 = n, the arguments are similar. 

This completes our proof for M — 6. For M — 7 the arguments are simpler and for M > 8 
one can argue like in the case (1) above. 
Q.E.D. for Proposition 4. 

Proof of Proposition 5. The set of quadratic forms of rank < 1 in the variables Z2, ■ ■ ■ ,zm 
is of codimension 

When M > 5 we have c(M) > M, so that (i?2) holds at every point x & W ioi a sufficiently 
general polynomial w. 

Assume that M — A. Here c(4) = 3 = dimM^, so that for a general hypersurface W the con- 
dition (R2), (i) is violated at a finite set of points x e W. For a general cubic polynomial ^3 the 
polynomial ^3(0, l,t) has three distinct roots: a multiple root gives a condition of codimension 
1 for ^3. Therefore {R2) holds for M = 4. 

Let M — 3. Here c(3) = 1, diml^ = 2, so that there is a one-dimensional set of points 
X &W where the conditon (i) is violated. It is easy to see that the conditions 

53(0, 2:3) = and 54(0, ^3) = 

are independent. 

This completes the proof of Proposition 5. 

Proof of Lemma 5. Since the hypersurface W is non-singular, the point x is an isolated 
singularity of the hypersurface 

Wp^WnP, 

where P = TjW . The irreducible divisor Fp is the double cover of the hyperplane P branched 
at Wp. Set p = (T^^(x) E F, ip:F ^ F the blow up of the point p, E C F the exceptional 
divisor. Assume that the pair {F, Fp) is not canonical. By Proposition 3, for some hyperplane 
B C E the inequality 

multp Fp + mult b Fp > 3 (19) 
holds. However, multp Fp = 2 so that the projectivized tangent cone 

P(TpFp) = (Fp o F) (20) 
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must contain the hyperplane B. On the other hand, the tangent cone TpFp is given by the 
equation 

= q2iz2, ■ ■ ■ , zm) 

(in the notations of Sec. 2.2). For M > 5 by the condition {R2) we get rkg2 > 2, so that the 
quadric (f2n|) is irreducible and cannot contain B. This proves the lemma for M > 5. 

When M = 3,4 the inequality (|T9|l holds only for those points p where rkg2 = 1 and only 
for the two hyperplanes 

B={y±Z2 = 0}. 

Let M = 4. Local computations show that Fp has exactly three singular points: they lie on the 
line 

{y = z2 = 0} 

and correspond to the roots of the polynomial ^3(0, 1, t). Moreover, these three points are non- 
degenerate quadratic singularities. Thus the three-fold Fp has terminal singularities, so that 
the pair (F, Fp) is terminal, the more so canonical, contrary to our assumption. 
Let M = 3. Here E = F^ and 

FpnE = L+ + L^ = {y = ±Z2} 

is a pair of lines. The only singularity of the surface Fp over the point p is the point p* = L+nL_ 
of intersection of these lines. If ^3(0, z^) 7^ 0, then p* is a non-degenerate quadratic singularity, 
so that its blow up 

gives a non-singular surface Fp. If ^3(0, ^3) = 0, then the exceptional divisor E* of the blow 
up (f* is a pair of lines, E* = L*^_ + L*_, so that the only singularity of the surface Fp over the 
point p* is the point p^ = L'\_ f] L*_ . 

It is easy to check that by the condition ^4(0,^3) 7^ the point is a non-degenerate 
quadratic singularity. 

Thus in any case the surface Fp is canonical. 

Q.E.D. for the lemma. 

3 The connectedness principle of Shokurov and Kollar 

In this section we discuss the connectedness principle and inversion of adjunction and prove 
Proposition 3. 
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3.1 The connectedness principle 

The following fact is a particular case of the general connectedness principle [15, Theorem 17.4]. 
Proposition 6 (Shokurov, Kollar). Let x E X be a smooth germ and 

an effective Q-divisor (di e Q+ for all i & I). Let 

(p:X 

be a resolution of singularities of the pair (X,D), in particular, the support of the divisor D is 
a divisor with normal crossings. Write down 

where Ej C X are prime divisors (either exceptional divisors of the morphism if, or components 
of the strict transform D). Then the divisor 

U 

e,<-l 

is connected in a neighborhood of every fiber of the map (p. 

Proof: see [15, Chapter 17]. Note that the main ingredient of the proof is the Kawamata- 
Viehweg vanishing theorem [4,17,43]. 

3.2 Inversion of adjunction 

Inversion of adjunction follows from the connectedness principle. In the general form inversion 
of adjunction is formulated and proved in [15, Chapter 17]. We use a particular case of this 
general fact. 

Proposition 7 (inversion of adjunction). Let x & X be a smooth germ, as above, and 
D an effective Q-divisor, D — "Y^diDi with < c?j < 1, x £ SuppD. Assume that the point x 

is an isolated centre of a non-canonical singularity of the pair (X, D ), that is, the pair (X, D ) 
is not canonical, but its restriction onto X \ {x} is canonical. Let R 3 x be a smooth divisor, 
R ^ Suppi^. Then the pair 

{R,Dr = D\r) 

is not log canonical at the point x. 



31 



Proof. For convenience of the reader we give a proof, following [15, Chapter 17]. Replacing 
Dhj 



for a small e G Q+, we may assume that di < 1 for all i & I. The pair {X,D) remains 
non-canonical. 

Let X:X'^ — > X be the blow up of the point x, E — A^^(x) C X'^ the exceptional divisor, 
and the strict transforms of the divisors D and R, respectively. Furthermore, let 

l^-.X ^X+ 

be a resolution of singularities of the pair {X~^, + i?"*"), 

(p — Xo ijl: X ^ X 

the composite map. Now write down 

= ^*(Kx + D + R) + J2 ejEj - ^^^^ - ^' (21) 

jeJ iei 

where Ej, j e J, are all exceptional divisors of the morphism </?, and R are the strict 
transforms of the divisors and it! on X, respectively. Set 

bj = ord^^. ip*D, ttj = a{Ej,X), 

j e J. In these notations we get for j & J 

^3 ~ % ~ ^3 ~ ''^j^ 

where rj — ord^;^ ip*R. Obviously, 

cp-\x) = U E, 
3eJ+ 

for a subset J'^ C J. If j & J'^, then 

Tj = ordfi^. iJ,*R'^ + ordfi^ iJ,*E > 1. 

By our assumption the pair {X, D) is not canonical, but canonical outside the point x. Therefore, 
there is an index I among j G J'^ such that ai < bi. For this index we have 

ei < -1. 

By the connectedness principle we may assume that 

EiHRj^^. 
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Now from (f2T| by the adjunction formula we get 

Kj, = {K^ + R)\~^ = ^UKr + Dr) + CZ.^,E,\~^ - 

where (pR = ip\j^: R ^ R i?, the restriction of the sequence of blow ups ip onto R. By what has 
been said in the last bracket there is at least one prime divisor of the form -E";]^, where / G J"^, 
with the coefficient strictly smaller than —1. Q.E.D. for Proposition 7. 
Here is one more corollary from the connectedness principle. 

Proposition 8. In the notations of the proof of Proposition 7 assume that the pair (X, D ) 
is not log canonical, hut log canonical outside the point x. Then the following alternative takes 
place: 

(1) either mult X D > dimX, 

(2) or the set 

M U E,)CE 

bj>aj+l 

is connected. 

Proof. By the assumptions the claim follows immediately from the connectedness principle. 
3.3 Proof of Proposition 3 

Canonicity is stronger than log canonicity. Therefore one can apply inversion of adjunction 
(Proposition 7) several times, subsequently restricting the pair (X, D) onto smooth subvarieties 

-Rl D R2 D . . . D -Rfc; 

where i?i C X is a smooth divisor, Ri+i C -R^ is a smooth divisor, x E Rk and Rk ^ SuppD. 
All the pairs 

(Ri.DlRj 

are not log canonical at the point x. Thus Proposition 7 holds for any smooth germ R 3 x of 
codimension k < dimX — 1. In particular, it holds for a general surface S 3 x. (This fact was 
for the first time used by Corti [1] in order to obtain an alternative proof of the 4n^-inequality, 
see also [34, Proposition 1.5].) Thus the pair 

{S,Ds = D\s) 

has at the point x an isolated (for a general 5*) non log canonical singularity. Let us consider 
the two-dimensional case more closely. Let x G 5* be a germ of a smooth surface, C C S* a germ 
of an effective (possibly reducible) curve, x G C. Consider a sequence of blow ups 

fi,i-l'- Si > >S'j_i, 
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5*0 = S, i = 1,...,N, ipi^i-i blows up a point Xi-i G S'j_i, Ei = {p^l_^{xi-i) C 5*^ is the 
exceptional line. For i > j set 

<fi,j = fj+ij o . . . o Si Sj, 

= y^Nfi, S = Sn- We assume that the points Xi lie one over another, that is, Xi G Ei, and 
that Xq = X, so that all the points Xj, i > 1, lie over x: 

V^i,o{xi) = X e S. 

Let r be the graph with the vertices 1, . . . ,N and oriented edges (arrows) 

3, 

that connect i and j if and only if i > j and 

x^-l G e;-\ 

where for a curve Y C Sj its strict transform on 5*0, a > j, is denoted by the symbol ¥"•. 
Assume that the point x is the centre of an isolated non log canonical singularity of the pair 

{S, -C) 

n 

for some n > 1. This means that for some exceptional divisor E C S the inequality 

UEiC) = ordE ip*C > n{aE + 1), (22) 

holds, where qe is the discrepancy of E. Without loss of generality we may assume that E = Em 
is the last exceptional divisor. The inequality ()22p is called the log Noether-Fano inequality. 

For i > j let the symbol Pij denote the number of paths in the graph F from the vertex 
i to the vertex j. For i < j set pij = 0. Set also pu = 1. In terms of the numbers pij the log 
Noether-Fano inequality takes the traditional form 

N N 

^PmfJ'i > n(^pm + I), (23) 

i=l i=l 

where 

/ij = multa;^_-^ C*~^. 

Proposition 9. Either /ii > 2n (that is, the first exceptional divisor Ei C 5*1 already gives 
a non log canonical singularity of the pair {S, {l/n)C) ), or N >2 and the following inequality 
holds: 

/ii + /i2 > 2n. 
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Proof. If N = 1, then /ii > 2n by means of log Noether-Fano inequality. Assume that 
/ii < 2n, then N > 2. Obviously, fii > n. If fi2 > n, then /ii + /i2 > 2n, as we claim. So assume 
that fi2 < n. Then for each i G {2, . . . , A^} we have fJ^i < fJ'2 < n (since the point Xi^i lies over 
Xi). Therefore from the inequality (0!^ we get 

N 

PmifJ'i -n) + ^PArj(/i2 -n) > n. 

i=2 

However, 

TV 

PNI = ^PNj < ^PTVi, 
j^l i=2 

SO that the more so 

TV 

^PAfi(/ii + /i2 - 2n) > n. 

1=2 

Therefore /xi + /i2 > 2n. Q.E.D. for the proposition. 

Proof of Proposition 3. We prove Proposition 3 in the following form: 

let (X, D) be a pair as in Proposition 8, A: X the blow up of the point x, E C X+ 

the exceptional divisor, E = P*^, e = dimX — 1. Then there exists a hyperplane B C E such 
that 

mult^. D + mult bD>2, (24) 

where is the strict transform of D on X^ . 

Proof. Consider a general surface S 3 x. The pair (5*, Ds) is not log canonical, but log 
canonical outside the point x. By Proposition 8, either 

mult^ Ds > 2, 

but in this case mult^; D > 2 and the inequality (f2^ holds in a trivial way for any hyperplane 
B C E, or the centres of all non log canonical singularities on (that is, the strict transform 
of 5* on X~^) are contained in a proper closed connected subset 

Zs C Es = EnS^ ^ ¥\ 

Obviously, Zs is a point ys G Es- Since the surface 5* is general, there is a hyperplane B C E 
such that 

ys = BnS+. 

By Proposition 9, the inequality 

multx Ds + multj^g D'^ > 2 
holds. This immediately implies the inequality (f2i|) and Proposition 3. 
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